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On certain sharp characters with rational values
(Jun Hatano)




$G$ degree $n$ character $L$ . ,
$L=\{\chi(g)|1\neq g\in G\}$ , $L$ $(G,\chi)$ type . $|G|$ $\prod_{\in L},(\chi(1)-l)$
(Blichfeldt [2]) , type $L$ $(G,\chi)$ $|G|= \prod_{l\in L}(\chi(1)-l)$
, $(G,\chi)$ sharp (pair) . Cameron-Kiyota [4] 1 , type $L$ sharp
pair $(G,\chi)$ .




$(G,\chi)$ sharp pair , $m$ $(G,\chi+m1_{G})$ $\mathrm{s}\mathrm{h}\mathrm{a}\Psi$
. $(\chi, 1_{G})=0$ , $(G,\chi)$ { normalized , sharp pair
, $(G,\chi)$ normalized .
, $L\subset \mathbb{Z}$ , $(G,\chi)$ { type $L$ normalzed sharp p . # ,
$|L|=2$ , $L=\{l_{1}, l_{2}\}$ $l_{1}<l_{2}$ .













Proposition $1(1)$ , $(\chi, \chi)=1$ $L$ \leq 0 .




Theorem 2(Cameron-Kiyota [4]). $L=\{0, l\}$ , $G$ $\mathit{2}$-transitive Frobenius group.
, $(\chi, \chi)=2$ , $L=\{-1,1\}$ . , $\chi$
, $l_{2}-l_{1}=2$ . ,
.
Theorem 3(Cameron-Kataoka-Kiyota $[3\rceil$ ). $L=\{-1,1\}$ ,
:
(1) $G$ : 8 dihedral quaternion group, $n=3$ ,
(2) $G$ : $S_{4}$ $SL(2,3),$ $n=5$ ,
(3) $G$ : $GL(2,3)$ binary octahedral $n=7$,
(4) $G$ : $S_{5}$ { $SL(2,5),$ $n=11$ ,
(5) $G$ : $L_{2}(7),$ $n=13$ ,
(6) $G$ : $A_{6},$ $n=19$ ,
(7) $G$ : A7 $\sigma$) double cover $\hat{A}_{7},$ $n=71$ ,
(8) $G$ : $M_{11},$ $n=89$ .
$(\chi, \chi)=3$ , $L=\{-2,1\}$ {-1, 2} , , $\chi$
$l_{2}-l_{1}=3$ . , 2
.
Theorem 4(Iiyori [6]). $L=\{-2,1\}$ {-1, 2} , $|G|$ 3 , $\chi$ gener-
dized $\mathrm{A}\mathrm{a}$ . $G$ 10 dihedral group .
Theorem 5(Nozawa-Uno [8]). $Z(G)\neq\{1\}$ . $L=\{-2,1\}$ {-1, 2}
, :
(1) $G$ : $Z_{3}\mathrm{x}S_{3},$ $n=4,5$ ,
(2) $G$ : $Z_{3}.\mathrm{x}A_{5},$ $n=13,14$
(3) $G$ : $Z_{3}\cross L_{2}(7),$ $n=22,24$
(4) $|G|=2\cdot 3^{3},$ $|G’|=3^{3},$ $n=7,8$
(5) $|G|=2^{2}\cdot 3^{3},$ $|G’|=3^{3},$ $n=10$
3 , $l_{2}-l_{1}$ $(\chi, .\chi)$ . ,
$p$ , $(\chi, \chi)=p$ $l_{2}-l_{1}=p$ , .
Theorem 6. $L=\{1-p, 1\}$ $\{-1, p-1\}$ . , $|G|$ $p$ type $L$
sharp pair $(G,\chi)$ .
3. PRIME GRAPH
, Theorem 6 prime graph
. $G$ prime graph , $\pi(G)$ , 2
$q$ $G$ $pq$ graph
. , Com(G) $G$ prime graph connected component
, $\pi_{1}$ $|G|$ connected component .
, .
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Proposition 7. $G$ , .
(1) $H$ $G$ subgroup , $\rho$ $H$ prime graph connected component
, $G$ p me graph connected component $\rho$ .
(2) $N$ $G$ nonnal subgroup , $\rho$ $G/N$ prime graph $\sigma$) connented component
, $G$ p me graph connected component $\rho$ .
, Theorem 6 ,




(3) simple { $\pi_{1}$ -group ,
(4) $\pi_{1}$ { simple ,
(5) $\pi_{1}$ simple { $\pi_{1}$ { .
4. THE CASE $L=\{1-p, 1\}$ OR $\{-1, p-1\}$
, $p$ , $L=\{1-p, 1\}$ $\{-1, p-1\}$
.
, [ , $(n-l_{1}, n-l_{2})=1$ $(n-l_{1}, n-l_{2})=p$ .
$r_{1}$ $r_{2}$ $p$ , $r_{1}$ $n-l_{1}$ $r_{2}$ $n-l_{2}$ .
$G$ $r_{1}r_{2}$ $x$ , $y$ $z$ $x$ $r_{1}$-part, $r_{2}$-part
. $\chi$ , $\chi(y)\equiv n(\mathrm{m}\mathrm{o}\mathrm{d} r_{1})$ . , $r_{1}\neq p$
, $\chi(y)=l_{1}$ . , $\chi(x)\equiv l_{1}(\mathrm{m}\mathrm{o}\mathrm{d} r_{2})$ , $\chi(x)=l_{1}$ .
, $\chi(x)=l_{2}$ . . , $G$ $r_{1}r_{2}$
.
$x$ $G$ $p’$-element , $(G,\chi)$ sharp , $x$ $n-l_{1}$
( $n-l_{2}$ . $r$ $x$ , $x’$ $x$ $r’$-part .
$\chi(x)\equiv\chi(x’)(\mathrm{m}\mathrm{o}\mathrm{d} r)$ . , $x$ ,
$\chi(x)\equiv n(\mathrm{m}\mathrm{o}\mathrm{d} r)$ .
, propositon .
Proposition 9. $p$ $l_{2}-l_{1}=p$ , $(G,\chi)$
(1) $r_{1}$ $r_{2}$ $p$ , $r_{1}$ $n-l_{1}$ $r_{2}$ $n-l_{2}$
. $G$ $r_{1}r_{2}$ .
(2) $G$ $d$ -element $x$ $n-l_{1}$ , $\chi(x)=l_{1}$ .
(3) $G$ $p’$ -element $x$ $n-l_{2}$ , $\chi(x)=l_{2}$ .
, $|G|$ $p$ , $|\mathrm{C}\mathrm{o}\mathrm{m}(G)|\geq 2$ .
$(n-l_{1}, n-l_{2})=1$ { , Proposition 9 $|\mathrm{C}\mathrm{o}\mathrm{m}(G)|\geq 2$ ,
Theorem 8 , 2 .
case la: $G$ Frobenius 2-F}0benius group.
case $1\mathrm{b}$ : $G$ noncyclic composition factor $S$ .
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, $(n-l_{1}, n-l_{2})=p$ , 2 .
case $2\mathrm{a}:n-l_{1}$ $n-l_{2}$ |j‘ $p$ .
case $2\mathrm{b}:n-l_{1}$ $n-l_{2}$ $p$ $\mathrm{A}\backslash$ .
Case la
$K$ $G$ subgroup, $N$ $G$ normal subgroup $K$ . , $H$
$K$ $G$ complement , $HN$ $N$ Frobenius kernel, $H$ Robenius
complement Frobenius group . , $K=N$
$G/N$ Robenius kernel $HN/N$ Robenius complement $K/N$
Robenius group .
Frobenius kernel mlpotent , Hkobenius complement center
. , Proposition 7 , $\pi(N)$ $\pi(H)$ , $\pi(K/N)$ connected
. , $H$ $G$ isolated , $\pi(H)$ $G$ prime graph connected
component .
$\pi(K)$ connected , $N$ $G$ normal isolated subgroup
. $N$ $G$ Frobenius kernel . $M$ $G$ Frobenius
complement . $M$ $G/N$ , $Z(M)=\{1\}$ , $M$ hobenius
complement . , Com(G) $=\{\pi(K), \pi(H)\}$ .
$|G|=|H||K|=(n-l_{1})(n-l_{2})$ $|H|<|N|\leq|K|$ , Proposition 9







$\chi_{2}=$ $\sum a_{\eta}\eta_{HN}$ .
$N\not\in \mathrm{k}\mathrm{e}\mathrm{r}\eta$
.
$HN$ Frobenius group , ;
$\chi_{2}$ irreducible constituent degree& $|H|$ , $|H|$ $n-\chi_{1}(1)$
. , $|H|=n-l_{2}$ , $0<n-\chi_{1}(1)$ , $.\chi_{1}(1)-l_{2}$ $|H|$
, $\chi_{1}(1)-l_{2}<|H|$
.
. $\chi_{1}$ $l_{2}$ , $\chi_{1}(1)=l_{2}$
. , $\chi_{HN}=l_{2}1_{HN}+\chi_{2}$ . , $\chi_{2}(1)=|H|$ . $\chi_{2}$ $HN$
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$\chi$. normalzed . Case la
$\mathrm{A}\mathrm{a}$ .
Case lb
$S$ $G$ $\pi_{1}’$-regular composition factor . $p$ ,
$\min(\pi(G))=2$ . $\chi$ involution ( $r$
$|G|$ $r$ $\Gamma$ . , $a=|G|\mathrm{r}’,$ $b=|G|_{\Gamma}$ .
Proposition 9{ , $\pi_{1}$ $\Gamma$ { $a=|S|\mathrm{r}$’ . $(G,\chi)$ sharp
] , $ab=(n-l_{1})(n-l_{2})$ . { , Proposition 9 , $b-a=\epsilon(l_{2}-l_{1})=\epsilon p$
. , $\epsilon=\pm 1$ . ,
$a(a+\epsilon p)=n^{2}-(l_{1}+l_{2})n+l_{1}l_{2}$
$=n^{2}+(2a+\epsilon p-2n)n+1-p$.
, $n=a+\epsilon$ { $a+\epsilon(p-1)$ . , $(\chi, \chi)_{G}=p$ Proposition 1 , $n$





, (1) $\epsilon=-1$ , $b\leq 1$ , nin(\pi (G))=2
. , $p=\epsilon(b-a)$ , .
i) $\epsilon=1$ , $n=a+1$ , $a<b$ ,
$b<2a+1$ , $b-a$ $p$ , $a+1$ .
$\mathrm{i}\mathrm{i})\epsilon=1$ , $n=a+p-1$ , $a<b$ ,
$b<2a-1$ , $b-a$ $p$ , $a-1$ .
$\mathrm{i}\mathrm{i}\mathrm{i})\epsilon=-1$ , $n=a-p+1$ , $a>b$ , .
$a-b$ $p$ , $a+1$ .
, $b<2a+1$ . , proposition 7 , $|S|_{\Gamma}<2a+1$
. , simple group { $|S|_{\Gamma}>2a+1$ $\mathfrak{h}\backslash$ .
[5], [7], [9] , $|S|_{\Gamma}<2a+1$ finite simple group
, $S$ :
(1) sporadic simple group $J_{1}$ , $|S|_{\Gamma}=2^{3}\cdot 3\cdot 5$ ,
(2) alternating group $A_{5}$ , $|S|_{\Gamma}=2^{2}$ ,
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(3) alternating group $A_{6}$ , $|S|_{\Gamma}=2^{3}$ ,
(4) Lie type (7) simple group $L_{2}(q)$ ( $q$ :even), $|S|\mathrm{r}=q$ ,
(5) Lie type (7) simple group $L_{2}(q)(q\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} 4))$ , $|S|\mathrm{r}=q-1$ ,
(6) Lie type (7) simple group $L_{2}(q)(q\equiv-1(\mathrm{m}\mathrm{o}\mathrm{d} 4))$ , $|S|_{\Gamma}=q+1$ ,
(7) Lie type (7) simple group $L_{3}(2)$ , $|S|_{\Gamma}=2^{3}$ ,
(8) Lie type $q$) simple group $L_{3}(4)$ , $|S|\mathrm{r}=2^{6}$ ,
(9) Lie type $\text{ }$ simple group $2B_{2}(2^{2m+1})$ , $|S|_{\Gamma}=q^{2}$ .
$b-a$ , $J_{1},$ $A_{5},$ $A_{6},$ $L_{3}(2),$ $L_{3}(4)$ .
Proposition 7, Proposition 9 Theorem 8 , $G$ . $\Gamma’$-element $S$
$\Gamma’$-element . Proposition 1 (2) , $S$ $L_{2}(11)$
, $G$ Theorem 8 (4) , $|G|=4|S|$ $p=7$
. , $L_{2}(11)$ 5 2 , $|G|=4|S|$
. , caee $1\mathrm{b}$ , Theorem 6 .
Case 2
, . 2
, caee $2\mathrm{b}$ { , $\pi(n-l_{1})\backslash \{p\},$ $\pi(n-l_{2})\backslash \{p\}\neq\emptyset$ $( \frac{n-l_{1}}{p}, \frac{n-l_{2}}{p})=1$
, $G$ Com(G/N) $\geq 2$ normal subgroup $N$
, Theorem 8 . case $2\mathrm{b}$ , $Z(G)\neq\{1\}$
, .
Proposition 10. $(n-l_{1}, n-l_{2})=p$ $\pi(n-l_{1})\backslash \{p\},$ $\pi(n-l_{2})\backslash \{p\}\neq\emptyset$ ,
$Z(G)\neq\{1\}$ . , $\zeta$ $p$- , $\mathrm{S}_{p}=\mathrm{G}\mathrm{a}1(\mathbb{Q}(\sim\zeta)/\mathbb{Q})$ ,
:




case $2\mathrm{b}$ Proposition 9 , $Z(G)$ $p$-group . $x$ $p$ $Z(G)$
. $\chi$ faithful , $<x>$ kernel t $\mathrm{A}\mathrm{a}$ irreducible constituent $\eta$
. , $\eta(x)=\zeta\eta(1)$ . $\chi$ real , $\sigma\in \mathrm{S}_{\mathrm{p}}$
, $(\chi, \eta)=(\chi, \eta^{\sigma})$ $\eta\neq\eta^{\sigma}$ . , $\chi$ multiplicity $p-1$
irrducible constituent . { , $(\chi, \chi)=p$ , $(\chi, \eta)=1$
. , $\chi$ $p$ irreducible constituent .
$n$ $p$ , $\chi$ 1 degree irre ucible constituent $\chi_{0}$
. , $\chi=\chi_{0}+\sum_{\sigma\in \mathrm{S}_{\mathrm{p}}}\eta^{\sigma}$ . , $\mathrm{K}\mathrm{e}\mathrm{r}\chi\leq Z(G)$ ,
$Z(G)$ $p$ $x,$ $y$ , $\eta(x)=\eta(y^{i})=\zeta^{j}\eta(1)$ . ,
$<x>=<y>$ , $|\Omega_{1}(Z(G))|=p$ .





, $m_{\mathit{1}}=1$ . $z^{p}\in \mathrm{K}\mathrm{e}_{d}\mathrm{r}\eta$ . , $\chi$ $z^{p}=1$
.
$\chi_{0}$ real , $\chi_{0}$ degree .




Proposition 11. $|G|--2p^{2}=p(p+p)$ , $G$ $Z_{\mathrm{p}}\cross D_{2\rho}^{\cdot}$ $(Z_{\mathrm{p}}\cross Z_{p})\cdot 2$
.
pmof.
$G$ [ abelian $\mathrm{A}\backslash$ $\mathrm{A}\mathrm{a}$ . $P\in \mathrm{S}\mathrm{y}1_{p}(G)$ , $t$ $G$ involution .
$P$ isolated , $G$ Frobenius group . $\chi(t)$ $G$
Proposition 1(2) , $P$ cyclic . , $G\simeq(Z_{p}\mathrm{x}Z_{p})\cdot 2$
.
$P$ $C_{C},(x)\not\subset P$ $x$ , $P$ abelian , cyclic $\mathrm{A}\mathrm{a}$ .
, $G\simeq Z_{p}\cross D_{2\mathrm{p}}$ .
, $\chi(1)=2p-1$ type $\{-1, p-1\}$ sharp pair $(G,\chi)$
.
Proposition 11 , center sharp pair $(G,\chi)$
. Theorem 5 center , $p$
.
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